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Remarks on singular solutions of the Euler equations
By F. Lam
We examine the blow-up claims of the incompressible Euler equations for two flows,
the columnar eddies in the vicinity of stagnation, and a quasi-three-dimensional
structure for illustrating oscillations and concentrations in shears. We assert that
these finite-time singularities are not genuine.
Keywords: Euler Equations; Finite-time Singularity; Incompressibility
1. Background
The evolution of inviscid incompressible flows of unit-density in space and in time
is governed by the Euler equations
∂tu+ (u.∇)u = −∇p, ∇.u = 0, (1.1)
with velocity u=(u, v, w)(x, t), t ≥ 0. The assumption is that viscous effects may be
weak and hence negligible so that the fluid viscosity of the Navier-Stokes equations
is formally reduced to zero. The scalar pressure can be eliminated from the equation,
giving rise to the vorticity dynamics
∂tω = (ω.∇)u − (u.∇)ω, (1.2)
where ω = ∇×u, having components (ξ, η, ζ). The vorticity field inherits the veloc-
ity solenoidal property, ∇.ω = 0. The initial velocity is smooth and bounded,
u(x, 0) = u0(x). (1.3)
Hence the starting motions always have finite energy.
The adjoints of the Euler equations are given by
∂tu
† + (u†.∇)u† = −∇p†, ∇.u† = 0, (1.4)
where u†(x, t), 0 ≤ t ≤ T < ∞. In the present note, the adjoint ‘initial’ condition
is denoted by
u
†
0(x) = u(x, T ). (1.5)
The adjoint momentum describes a dynamics backward in time with the identical
non-linearity. Because the inviscid fluid mechanics is formulated in a non-dissipative
continuum, the temporal reversal in (1.1) and (1.4) is expected. We shall not write
down the adjoint vorticity (ω†) whose equation of motion has the form of (1.2).
To avoid excessive technicality, we restrict our discussions to domains R3 or
finite Ω with C1 boundary ∂Ω with zero normal velocity, u(x, t) ·~n(x) = 0,x ∈ ∂Ω,
where ~n denotes the outward normal. We exclude periodic domains with periodic
boundary conditions because the initial value problem of the Euler equations is
ill-posed in such a formulation.
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In practice, any Euler solution must be kinematically consistent with the in-
compressibility, ∇.u = 0, that in turn enforces the following compatibility:
∆u = −∇×ω. (1.6)
The debate on whether the Euler equations can develop a finite time singularity
from smooth initial data of finite energy has a long history. Advocates of finite-time
singularities anticipate that the emergence of singular flow structures, whatever they
are, may identify the origin of turbulence, or solve the riddle of intermittency in
turbulent flows. With an ambitious theoretical intention, it is proposed that the
fluid dynamics may have been inadequately formulated.
Following Leray’s procedures of establishing existence of the weak Euler solu-
tions, we get the energy inequality,
1
2
∫
R3
|u(x, t)|2dx ≤
1
2
∫
R3
|u0(x)|
2dx,
which cannot be compatible with blow-up scenarios because, close to a singular
time Ts, the energy on the left is expected to increase suddenly, possibly beyond
bounds, unless a singularity has other meanings. At any rate, any potential blow-up
is not a Leray-Hopf weak solution.
Indeed, there have been attempts to view singularities in other contexts. A pop-
ular one is to interpret Richardson’s cascade as a process which proceeds continu-
ously toward arbitrarily small scales, i.e., singularities form due to some mechanism,
and certain quantities become somehow non-differentiable. The confusion here is
between the sizes of incompressible fluid elements and their velocities. Within the
framework of the continuum, the fluid material cannot be indefinitely small so that
a vacuum state is created. In the vacuum state there is no fluid so it is absurd to talk
about local dynamics. The cascade effects on fluids which are physical matter, ob-
serving the principle of mass conservation. In other words, the supports of elements’
velocities do not vanish in general. Recall that differentiation works on infinitesi-
mals. Time is a continuous independent variable; the incompressibility constraint
puts an upper bound on the flow speed (e.g. (1.6)). While one or more of the velocity
components may be locally zero, the vorticity or strains may not. Ultimately, the
regularity of the flow field must be sought in the solutions of the Euler equations.
We believe that the controversy about Onsager’s conjecture of anomalous energy
dissipation can be settled in the same sense. The task of showing initial smooth
data remaining differentiable throughout the motion is no longer intractable, given
our improved understanding of the non-linearity.
Although the nature of a singular structure lacks a precise definition, numerous
attempts have been made in the hope of quantifying flow breakdown. Anticipation
is whether singular flows do engender multiplications of length scales, leading to the
familiar compositions of turbulence, say at locations far away from solid boundaries.
It is acceptable that an uncompromising approach is to concentrate on the interior
flow complexity, excluding boundary effects.
Direct numerical simulation of ideal flow in periodic domains with periodic
boundary data are known to be incomplete and misleading, if not false, as the
loosely-defined boundary velocities inherit discretisation errors which are propa-
gated and amplified over time-marching. Moreover, we notice that the irregular
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numerics are detected only for a handful of atypical or tailor-made initial data of
multiple strong symmetry. At least, the general applicability of singularity hypoth-
esis is largely discounted. Isn’t turbulence abundant and ubiquitous?
Apart from the ill-fated numerical syntheses, analytical solutions which demon-
strate singular behaviours are scarce. Given any Euler blow-up, we can always
solve the adjoint (1.4) backward, using the data at, or prior to, the blow-up time,
practically setting T = Ts − ε
+ in (1.5). The questions are: Do we recover the
original finite-energy flow u0, right down to time t = 0? What are the underlying
mechanisms, if any, which galvanise the two antithetic possesses, the length-scale
proliferation and the small eddy annihilation or redistribution, over the identical
time-span?
Before we address the fundamental issues raised by blow-ups, at least, we expect
that any Euler singular solution is analytically or kinematically self-consistent. In
this note, we assess two singularity claims.
2. Columnar vortices
Consider the flow field decomposition into a quasi-two-dimensional solution field:
(u, p)(x, t) =
(
u(x, y, t), v(x, y, t), zγ(x, y, t), p(x, y, z, t)
)
, (2.1)
see Gibbon, Fokas & Doering (1999); and Malham (2004). For z ∈ R1, vortex system
(2.1) implies an infinite amount of energy for t ≥ 0. Nevertheless, the vorticity is
calculated as ω = (zγy,−zγx, vx−uy). Thus, the Euler equations are degenerated
into a strain field γ(x, y, t) and the planar vorticity ζ(x, y, t). The mass conservation
becomes ux + vy = −γ, and, in particular, the z-momentum is transformed into
z (γt + uγx + vγy + γ
2) = −pz. (2.2)
Thus we have three scenarios:
1. First, z is non-zero finite. It is legitimate to differentiate (2.2) to obtain
γt + uγx + vγy + γ
2 + pzz = 0. (2.3)
2. Second, z = 0. For bounded γ, the velocity field u is purely planar (pz ≡ 0)
while the vorticity satisfies the convection dynamics, ζt + (u.∇)ζ = 0. The
solution of this quasi-linear diffusion equation is well-posed and its properties
are fully understood.
3. At z →∞, zγ is indeterminant.
Thus any reduction (2.1) cannot be independent of z on the real line −∞<z<+∞.
Practically, our observation limits the flow region and the boundary conditions
when solving the non-linear equation for γ. For instance, the tube-like domain
proposed in Ohkitani & Gibbon (2000), Ω : {((x, y), z) ∈ (R/LZ)2×R}, has a local
discontinuity at the plane z = 0 at all times and, strictly speaking, is ill-defined
at z → ±∞; their equation (14) does not hold at these aberrant regions, and the
computational results are unconvincing. Likewise, the claims of emerging singular
events made by Mulungye, Locas & Bustamante (2016) must be a consequence of
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computing artefacts embedded in their quasi-analytic scheme which rearranges the
a priori unboundedness into a numerical fanfare.
One possible remedy is to work in a finite tube, (say) 0 < ǫ+ ≤ z ≤ L, possibly,
with periodicity in the other two directions. Yet the initial and boundary conditions
at the planes z = ǫ+ and z = L must be supplemented, and, necessarily, the
resulting flow is fully three-dimensional. In addition, the finite tube eschews the
absurdity of infinite energy. Next, we notice that the di-vorticity, ∇×ω,(
− uyy + vxy + γx, uxy − vxx + γy, −zγxx
)
,
leads to the Poisson equations (cf. (1.6)),
uxx = −vxy − γx, vyy = −uxy − γy, and ∆w = z(γxx − γyy), (2.4)
at every given instant t. The first two equations are just the continuity as verified
by direct integrations. On the plane z = 0, the third becomes Laplace’s equation
which has infinitely many non-trivial solutions in (x, y, z). Because of their arbi-
trariness, these solutions cannot be matched with those obtained from solving (2.3),
particularly in the region |z| < ǫ+.
By the same token, there are two discontinuous kinks in Stuart’s (3-1), one at
the y−z plane (x = 0), and the other at the x−y plane (Stuart 1987); the quasi-
2D field, his (3-2) to (3-5), is more obscure than the case of one discontinuity as
it cannot be completely void of the x or z dependence, taking into account the
irregularity at x, z → ±∞.
In lower dimensions, the same principles apply. For example, the transform of
Childress et al. (1989) makes sense for similitudes, (u, v) = (φ(x, t),−yφx(x, t)),
only in finite domains because their equations (1.2a) and (1.4) must have been
obtained from the condition
y
(
φxxt + φφxxx − φxφxx − νφxxxx
)
= 0.
Thus the governing equations for φ break down at two boundaries, the lines y = 0
and y =∞. In the first instance, the continuity fails as φx 6= 0.
For quasi-two-dimensional flows in the cylindrical co-ordinates (r, θ, z), similar
arguments work. Consider the paper of Gibbon et al. (2003). In view of rotational
symmetry, the flow field is assumed to be (u, v, w, p) = (u, 0, zγ, p)(r, t). Then the
momenta are given by
ut + uur = −pr, z
(
γt + uγr + γ
2
)
= 0. (2.5)
The finite-time solutions (see their equations (4)-(7)) were found from the first
equation and the identity, γt + uγr + γ
2 = 0, which was fixed regardless of z.
In fact, its existence must depend on where a plane section is cut across the z-
direction [−∞,+∞]. On the plane z = 0, the non-trivial dynamics of (2.5) is the
u-component, while γ becomes an unspecified quantity but must be finite to avoid
an indeterminacy. This planar flow cannot be incompressible unless u = u(t). Lastly,
the second equation remains essentially unchanged under a translation z → z + c
for constant c, our assertion at z = 0 applies to any plane cut on the z-axis.
Lin was the first to show that the Navier-Stokes dynamics admits a class of
solutions of the form
u(x, t) =
(
u1, u2 + yu4 + zu5, u3 + yu6 + zu7
)
(x, t), (2.6)
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assuming that the gauge pressure has been fixed (Lin 1958). This general expression
is a formal reduction. As a matter of fact, Lin has emphasised the importance of
appropriate boundary conditions, which are critical in establishing proper solutions
of (2.6). There are considerable leeways to explicitly specify the seven unknowns.
Curiously, he has not given any specified domain or any form of boundary data,
probably recognising the role played by the co-ordinates y, z as algebraic factors.
With hindsight, it is instructive to recall his remarks on hydrodynamics:
In the ideal case of zero viscosity (and zero magnetic diffusivity), the
field may be expected to become infinite as the boundary is approached.
It is to be expected that this tendency to increase will be counteracted
by (both) the hydrodynamic (and the magnetic) diffusive effects.
The cases discussed in the present section exemplify the singular behaviour at
the boundaries located at infinity, for instance, ±z → ∞, since all the columnar
flows are derived from expression (2.6). The possibility of an unjustified blow-up
is exactly what Lin had in mind 60 years ago: to avoid the infinite-energy scenario
implicated by the co-ordinates system. Evidently, the authors exploiting irregu-
lar characters of vortices (2.1) were unaware of the subtlety. The claims of finite-
time singularities in the vicinity of stagnation points have been made on ill-judged
premises, rooted in misinterpretations of Lin’s class.
3. Shear oscillation and concentration
Bardos & Titi (2010) consider a smooth solenoidal flow-field,
u(x, t) = (u, v, w) =
(
u(y), 0, w(x − tu(y), y)
)
, (3.1)
where z dependence is absent. For purposes of simplification rather than any physi-
cal relevance, it is assumed that the pressure may be ignored. As a counter-example,
study of this particular flow is expected to show that the Euler equations are ill-
posed in Ho¨lder space C0,α, 0<α<1. In the simplifying setting, the Euler equations
are reduced to
wt + uwx = 0, (3.2)
as the other momentum equations are identically satisfied. At every given time t,
the vorticity and di-vorticity are found to be
ω =
(
− tuywx, −wx, −uy
)
(x, y, t), (3.3)
and,
∇×ω =
(
− uyy, 0, −wxx + tuyywx − t
2(uywx)
2
)
(x, y, t), (3.4)
respectively. Furthermore, we confirm that the vorticity is indeed solenoidal. How-
ever, we realise an inconsistency. Applying the continuity constraint (1.6), we obtain
vxx + vyy = 0, wxx + wyy = t
2(uy wx)
2 = 0, (3.5)
where we have used identity, wyy = −tuyywx, in the last expression. We confirm
that the u-component reduces to an equality, uyy. In periodic domains, there exist
infinitely many non-zero harmonic functions for component v = v(x); the choice of
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v ≡ 0 is not entirely incorrect but rather unmotivated. At any instant t > 0, the
first possibility in the w-Laplace, uy = 0, is incompatible with the assumed (non-
zero) u in (3.1). For the momentum (3.2) to be unambiguous, the second possibility
implies that w must be a steady function of y.
We choose an explicit example to substantiate our discussion. The following
velocity contains finite energy
u(x, y, t) =
(
sin(2πmy), 0, sin(2πmϕ)
)
, (3.6)
where symbol ϕ(x, y, t) = x− t sin(2πmy) denotes a characteristic at every fixed y,
and m a non-zero integer. To be specific, the domain is taken to have a period of 2π
satisfying the ‘no-slip’ condition. Imposing the boundary data is important in order
to avoid periodic boundary conditions which are time-dependent, and certainly
cannot be constant or zero. As intended, the vorticity is smooth in (x, y, t)
ω = −
(
t4m2π2 cos(2πmϕ) cos(2πmy), 2πm cos(2πmϕ), 2πm cos(2πmy)
)
,
where, essentially, the ξ-component is proportional to (2πm)2t. This analysis is often
regarded as a demonstration that certain Euler solutions, not necessarily singular,
become arbitrarily large in time (t → ∞) or with increasing circular frequency
(large values of m). In fact, the law of mass conservation (3.5) per se dictates either
the component ξ must be independent of y or η simply vanishes, i.e., the crippled
characteristic ϕ=± (2k+1)/(4m) (k=0, 1, 2, · · ·) which renders velocity w to ±1.
An apparently fancy-looking velocity, u=sin y, v=0, w=1/(a2+cos2(x−t sin y)),
hardly says anything new about the Euler analytical properties. Simply put, the
w-component is contracted to 1/(a2+1) by the continuity.
The function (3.1) was originally introduced to investigate if the Euler solutions
maintain the long-time well-posedness in the limit of vanishing viscosity ν → 0, see
DiPerna & Majda (1987),
u(x, t) =
(
u(y, y/ν), 0, w
(
x− tu(y, y/ν), y, y/ν
) )
.
Our arguments still apply, provided the stretched z-domain, y/ν, remains periodic
with (normalised) period unity. Specifically, the v-solutions in this co-ordinates’ di-
rection may consist of oscillating harmonic functions, depending on our preference.
Regrettably, the proposed velocity (3.1) cannot be a solution of the Euler equations
since it is incompatible with the kinematics of incompressible flows. The exception
is the less interesting case u = (C1, 0, C2) for some constants C1 and C2.
4. A postscript
Evidence to support singularity solutions of the full three-dimensional Euler equa-
tions is extremely limited. This is true even in the simplified flows where boundary
effects have been removed. In retrospect, the disturbing state of affairs is that we
are in serious doubt with what flow structures a credible singular field should re-
semble. In the absence of concrete examples and plausible rationales, the existence
of the irregular blow-up solutions is by no means promising; the postulation of
fully developed turbulence as sequences driven by finite-time singularities remains
unjustified within the framework of the continuum dynamics.
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The evolution of incompressible flow from given initial conditions proceeds over
a series of mass-preserving processes instigated by the non-linearity, resulting in pro-
gressive flow states of numerous length scales of shears. The processes are dissipative
where viscosity is the key; the energy conservation is fully observed. Specifically,
energy dissipation means fluid elements or eddies lose their kinetic energy to fluid’s
internal energy until, ultimately, they are stationary. In view of thermodynamics,
the energy of the small scales is not dissipated instantly so that the velocities of
some eddies are persistently diminished while they are being pushed incessantly
through the whole flow field by neighbouring, as well as distant stronger ones. Un-
avoidably, immobile fluid portions acquire vorticity due to shearing, or abruptly
regain energy in the interaction as long as the surviving flow is strong enough, or
there is a continuous supply of energy. It is not difficult to imagine that the motion
of the multitudinous scales must be highly fluctuating and visually randomised,
particularly in fluids having minute viscosity, where the dissipation well moderates,
prolongs, and fragments over clustered regions. If we observe the motion at suitable
fixed locations, i.e., in the Eulerian reference frame, the appearance of the dissi-
pative scales is on-and-off, spasmodically over time, depending on the initial data.
This natural phenomenon has a big name tag: intermittency.
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